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UNIMODULAR BILINEAR FOURIER MULTIPLIERS ON Lp SPACES
K. JOTSAROOP AND SAURABH SHRIVASTAVA
Abstract. In this paper we investigate the boundedness properties of bilinear
multiplier operators associated with unimodular functions of the form m(ξ, η) =
eiφ(ξ−η). We prove that if φ is a C1(Rn) real-valued non-linear function, then for
all exponents p, q, r lying outside the local L2−range and satisfying the Ho¨lder’s
condition 1p +
1
q =
1
r , the bilinear multiplier norm
‖eiλφ(ξ−η)‖Mp,q,r(Rn) → ∞, λ ∈ R, |λ| → ∞.
For exponents in the local L2−range, we give examples of unimodular functions
of the form eiφ(ξ−η), which do not give rise to bilinear multipliers. Further, we
also discuss the essential continuity property of bilinear multipliers for exponents
outside local L2− range.
1. Introduction & preliminaries
1.1. Fourier multipliers. For m ∈ L∞(Rn) consider the linear operator
Ŝ m f := m fˆ , f ∈ L2(Rn) ∩ Lp(Rn),(1)
where fˆ denotes the Fourier transform of f .
The function m ∈ L∞(Rn) is called an Lp−Fourier multiplier if the associated
linear operator S m is bounded on Lp(Rn). The space of all Lp−Fourier multipliers is
denoted by Mp(Rn). It forms a Banach algebra with respect to the standard pointwise
multiplication of functions and the norm is given by
‖m‖Mp(Rn) := ‖S m‖Lp→Lp .
The notion of Fourier multipliers on groups Tn and Zn are defined similarly.
It is an easy consequence of the Plancherel theorem that the space M2(Rn) 
L∞(Rn). Further, it is also known that the space M1(Rn) coincides with the algebra
A(Rn) of functions f of the form f = µˆ, where µ is a bounded Borel measure on Rn.
When p , 1, 2, no such characterization of spaces Mp(Rn) is known.
For a measurable function φ : Rn → R and λ ∈ R consider the unimodular
function eiλφ. Such functions are of special interest in the theory of Fourier multi-
pliers. The boundedness properties of the Fourier multiplier operators associated
with functions φ(ξ) = |ξ|α play important role in PDEs. In particular, the cases
α = 1 and α = 2 occur in the study of time evolution of the wave equation and the
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free Schro¨dinger operator respectively. Another motivation to study the bounded-
ness of such Fourier multiplier operators comes from the Beurling-Helson theorem,
which raises the question of describing real-valued functions φ so that
‖eiλφ‖Mp(Rn) = O(1), λ ∈ R.
We refer to [4, 11, 12] and the references therein for an elaborate discussion about
this point.
L. Ho¨rmander [4] proved that if φ is a C2(Rn) real-valued function and
‖eiλφ‖Mp(Rn) = O(1), λ ∈ R,(2)
where 1 < p < ∞, p , 2, then φ is a linear function. In fact, he showed that the
same assertion holds true with the weaker assumption that
‖eiλmφ‖Mp(Rn) = O(1),(3)
where {λm} is an unbounded sequence of real numbers.
In [4], L. Ho¨rmander conjectured that the above result holds for φ ∈ C1(Rn) as
well. In 1994 V. Lebedev and A. Olevskii [11] settled this conjecture and proved
that if φ ∈ C1(Rn) satisfies (2) then φ is a linear function. This together with L.
Ho¨rmander [4] proves that the condition φ ∈ C1(Rn) is sharp. Further, in [12] V.
Lebedev and A. Olevskii obtained the following generalization of this result: If
φ : Rn → [0, 2pi) is a measurable function and
‖eiλφ‖Mp(Rn) = O(1), λ ∈ Z,(4)
where 1 < p < ∞, p , 2, then φ is a linear function on domains complementary to
some closed set, depending on φ, of measure zero. Moreover, ∇φ takes only finitely
many values.
As a consequence of the above mentioned results along with the standard dilation
argument we get that the function eiφ is not an Lp Fourier multiplier, 1 < p < ∞, p ,
2, if φ is C1(Rn) homogeneous non-linear function. At this point we would like to
refer to [1] for some positive results about boundedness of Fourier multipliers ei|ξ|
α
on modulation spaces.
In this paper, we investigate the boundedness of bilinear multiplier operators
associated with functions of the form eiφ and provide answers to various questions
concerning bilinear multipliers under consideration.
1.2. Bilinear multipliers. Let m(ξ, η) be a bounded measurable function onRn×Rn
and (p, q, r), 0 < p, q, r ≤ ∞ be a triplet of exponents. In what follows, we will
always assume that p, q, r satisfy the Ho¨lder condition i.e. 1p +
1
q =
1
r . Consider the
bilinear operator Mm initially defined for functions f and g in a suitable dense class
by
Mm( f , g)(x) =
∫
Rn
∫
Rn
fˆ (ξ)gˆ(η)m(ξ, η)e2piix·(ξ+η)dξdη.(5)
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We say that Mm is a bilinear multiplier operator for the triplet (p, q, r) if Mm
extends to a bounded operator from Lp(Rn) × Lq(Rn) into Lr(Rn), i.e. there exists a
constant C > 0, independent of functions f and g, such that
‖Mm( f , g)‖Lr(Rn) ≤ C‖ f ‖Lp(Rn)‖g‖Lq(Rn).
The bounded function m is said to be a bilinear multiplier symbol for the triplet
(p, q, r) if the corresponding operator Mm is a bilinear multiplier operator for (p, q, r).
We denote byMp,q,r(Rn) the space of all bilinear multiplier symbols for the triplet
(p, q, r). Further, the norm of m ∈ Mp,q,r(Rn) is defined to be the norm of the corre-
sponding bilinear multiplier operator Mm from Lp(Rn) × Lq(Rn) into Lr(Rn), i.e.
‖m‖Mp,q,r(Rn) = ‖Mm‖Lp(Rn)×Lq(Rn)→Lr(Rn).
For exponents p, q, r ∈ [1,∞], the real duality helps us consider two adjoint oper-
ators associated with a given bounded bilinear operator Mm from Lp(Rn) × Lq(Rn)
into Lr(Rn). These adjoint operators are given by
〈M∗,1m (h, g), f 〉 := 〈Mm( f , g), h〉 and 〈M∗,2m ( f , h), g〉 := 〈Mm( f , g), h〉.
Note that M∗,1m is bounded from Lr
′
(Rn)×Lq(Rn) into Lp′(Rn), and M∗,2m is bounded
from Lp(Rn) × Lr′(Rn) into Lq′(Rn). Moreover, for bilinear multipliers m(ξ, η) ∈
Mp,q,r(Rn), using the adjoint operators one can easily conclude that m(ξ + η,−η) ∈
Mr′,q,p′(Rn) and m(−ξ, η+ξ) ∈ Mp,r′,q′(Rn) with norm exactly the same as that of m.
The bilinear multipliers on the Torus group Tn and discrete group Zn are de-
fined similarly. The space of bilinear multipliers on Tn and Zn will be denoted by
Mp,q,r(Tn) andMp,q,r(Zn) respectively.
1.3. Known results in bilinear setting. Let φ be a measurable function defined
on Rn. For f , g ∈ S(Rn) consider the bilinear operator
B( f , g)(x) :=
∫
Rn
∫
Rn
fˆ (ξ)gˆ(η)eiφ(ξ,η)e2piix·(ξ+η)dξdη(6)
where φ is a non-linear function. These types of bilinear multipliers arise when we
study the solution of the non-linear PDE
∂tu(t, x) + P(D)u(t, x) = |u(t, x)|2
u(0, x) = f (x),
where P(D) is a quadratic function of D = (∂x1 , ∂x2 , · · · , ∂xn). The solution of the
above PDE is given by
u(t, x) = eitP(D) f (x) +
∫ t
0
ei(s−t)P(D)(u(s, .), u(s, .))(x)ds.
It is therefore natural to study the boundedness properties of bilinear operators of
the type defined above in (6).
We refer to the work of F. Bernicot and P. Germain in [2] for more details. In
this paper, the authors established several results about the boundedness of bilinear
oscillatory integral operators. In order to describe the relevant results to our context,
we need the following definition.
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Definition 1.1. (Local L2− range) The sets of exponents (p, q, r) satisfying 2 ≤
p, q, r′ ≤ ∞ and the Ho¨lder condition 1p + 1q = 1r is referred to as the local L2−
range of exponents in the context of bilinear multipliers. We shall use the notation
L for this set.
For the bilinear multiplier operator Tλ defined below, and the exponents (p, q, r)
in local L2− range, F. Bernicot and P. Germain proved the following theorem for
bilinear oscillatory integral operators with symbols defined on R2 .
Theorem 1.2. [2] Let us assume that
∂η∂ξφ , 0,
(∂2η − ∂η∂ξ)φ , 0
and
(∂2ξ − ∂η∂ξ)φ , 0.
Then the bilinear oscillatory integral operator
Tλ( f , g)(x) :=
1
(2pi)1/2
∫
R
∫
R
fˆ (ξ)gˆ(η)eiλφ(ξ,η)m(η, ξ)e2piix·(ξ+η)dξdη
satisfies the following boundedness: for all exponents (p, q, r) in the local L2−
range, there exists a constant C = C(p, q, r, φ,m) such that for all λ , 0
‖Tλ( f , g)‖Lr′ ≤ C|λ|− 12 ‖ f ‖Lp′ ‖g‖Lq′ .
Further in this paper they study variants of the bilinear oscillatory integral oper-
ator of the form Tλ( f , g) in different settings. Note that the above is a bilinear ana-
logue of dispersive estimates of the oscillatory integral operators in the linear case.
However in this paper we are interested in studying the bilinear analogue of the
linear Lp multiplier of the form eiφ. Motivated from the work of L. Ho¨rmander [4];
V. Lebedev and A. Olevskii [11, 12] we study the boundedness of the operator
Tφ,λ( f , g)(x) :=
∫
Rn
∫
Rn
fˆ (ξ)gˆ(η)eiλφ(ξ−η)e2piix·(ξ+η)dξdη
from Lp(Rn) × Lq(Rn) into Lr(Rn). In this paper we are mainly interested in bilinear
multipliers of the type m(ξ, η) = ψ(ξ − η), where ψ ∈ L∞(Rn). The bilinear multipli-
ers of this form satisfy a modulation invariant property and are of particular interest
in the theory of bilinear multipliers. The bilinear Hilbert transform is the key exam-
ple of bilinear multiplier operators having modulation invariance. We refer to the
celebrated works of M. Lacey and C. Thiele [8, 9] for precise details on the bilinear
Hilbert transform. In particular, we prove that if φ is a C1(Rn) real-valued function
satisfying the bilinear analogue of (2) (see Theorem 2.1) for exponents lying outside
local L2− range then φ is a linear function. The method of the proof of Theorem 2.1
is based on the ideas by V. Lebedev and A. Olevskii [11, 12]. For exponents in local
L2− range, we will give examples of non-linear functions φ for which the functions
of the forms eiφ(ξ−η) and eiφ(ξ,η) do not give rise to bilinear multipliers.
Further, in Section 4 we establish essential continuity property of certain bilinears
for exponents outside the local L2− range.
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Remark 1.3. Unlike the linear case, in the bilinear setting there does not exist
a consistent range of exponents p, q and r for which the class of functions under
consideration always gives rise to bilinear multipliers.
Remark 1.4. Let φ1 and φ2 be linear and non-linear functions respectively. The
Ho¨lder’s inequality yields that the function of the form φ(ξ, η) = φ1(ξ)φ2(η) gives
rise to unimodular bilinear multiplier, in the sense as above, from Lp(Rn) × L2(Rn)
into Lq(Rn) for exponents p and q satisfying the Ho¨lder condition 1p +
1
2 =
1
q . The
bilinear multipliers defined using functions of the form φ(ξ − η) cannot be factored
in a similar fashion and need to be investigated separately.
2. Main result and proofs
The main result of this article is the following.
Theorem 2.1. Let (p, q, r) be a triplet of exponents outside the local L2−range. If
φ is a C1(Rn) real-valued non-linear function, then
‖eiλφ(ξ−η)‖Mp,q,r(Rn) → ∞, λ ∈ R, |λ| → ∞.
The theorem above can be deduced from the following lemma.
Lemma 2.2. Let φ : Rn → R be a measurable function. Suppose that there are N
cubes Qk ⊂ Rn, k = 1, 2, . . . ,N such that φ(t) = 〈αk, t〉 + βk for almost all t ∈ Qk,
the vectors αk, k = 1, 2, . . . ,N are all distinct and βk ∈ Rn. Then for any unbounded
sequence of real numbers {λk}k∈N we have
sup
k∈N
‖eiλkφ(ξ−η)‖Mp,q,r(Rn) ≥ Nγ−
1
2 ,(7)
where γ = max{ 1p , 1q , 1r′ }.
In order to prove the results stated above we would need the following auxiliary
result about vector-valued bilinear operators.
Proposition 2.3. Let α = (α1, α2, . . . , αN) be an N−tuple of distinct vectors in Rn
and ρ > 0 be a positive real number. For vector-valued function f = ( f1, f2, . . . , fN)
and g = (g1, g2, . . . , gN) consider the bilinear operator
S α,ρ( f , g)(x) = ( f1(· + ρα1)g1(· − α1), f2(· + ρα2)g2(· − α2), . . . , fN(· + ρα1)gN(· − αN))(x).
Then the norm of the bilinear operator S α,ρ satisfies the following
‖S α,ρ‖p,q,r ≥ max{N1/p−1/2,N1/q−1/2}.
Proof: Since αk’s are distinct and finitely many in number, we can choose a δ > 0
such that
ρ|α j − αi| > δ ∀1 ≤ i , j ≤ N.
Choose f = ( f1, f2, . . . , fN) and g = (g1, g2, . . . , gN) with fk = χB(0,δ) and gk =
χB((1+ρ)αk ,δ) . Observe that ‖ f ‖Lp(l2) = N1/2|B(0, δ)|1/p and ‖g‖Lq(l2) = (N |B(0, δ)|)1/q.
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Further, note that fk(· + ραk) = χB(ραk ,δ)(·) and gk(· − αk) = χB(ραk ,δ)(·). It is easy to
verify that  N∑
k=1
| fk(x + ραk)gk(x − αk)|2

1
2
= χ⋃N
k=1 B(ραk ,δ)
(x)
Therefore,
‖S α,ρ( f , g)‖Lr(l2) = (N|B(0, δ)|)1/r.
We get that the norm of the bilinear operator S α,ρ satisfies
‖S α,ρ‖p,q,r ≥ N1/r−1/q−1/2 = N1/p−1/2.
A similar argument with the roles of f and g interchanged yields
‖S α,ρ‖p,q,r ≥ N1/q−1/2.
This completes the proof.

2.1. Proof of Lemma 2.2. For a cube Q in Rn and α > 0, let αQ denote the cube
with same center as of Q and measure αn|Q|, where |Q| denote the n dimensional
Lebesgue measure of Q. We denote by l(Q) the sidelength of the cube Q.
We know that bounded bilinear operators have l2−valued extension, i.e., if T is a
bounded bilinear operator from Lp(Rn)×Lq(Rn) into Lr(Rn), then for finite sequences
of functions { fk}Nk=1 and {gk}Nk=1, we have
‖{T ( fk, gk)}‖Lr(l2) . ‖{ fk}‖Lp(l2)‖{gk}‖Lq(l2),(8)
where the implicit constant is a multiple of the operator norm ‖T‖p,q,r. See Section 7
in [6] for vector-valued extension of bilinear operators. Let Qk’s be as defined in the
statement of Lemma 2.2. Let {uk}Nk=1 and {vk}Nk=1 be finite sequences of compactly
supported smooth functions. Fix an unbounded sequence of real numbers {λm}m∈Z.
Take tk ∈ 12 Qk, 1 ≤ k ≤ N and set f mk (t) = uk(λm(t − tk)) and gmk (t) = vk(λmt). Since
λm → ∞, we can choose λm large enough to ensure that Ak = supp( f mk ) ⊂ 12 Qk and
Bk = supp(gmk ) ⊂ [−l(Qk)4 , l(Qk)4 ]n. Observe that Ak−Bk := {x−y : x ∈ Ak, y ∈ Bk} ⊂ Qk
for all k.
Let Tφ,λm be the bilinear operator associated with the function e
iλmφ(ξ−η), i.e.,
Tφ,λm( f , g)(x) =
∫
Rn
∫
Rn
fˆ (ξ)gˆ(η)eiλmφ(ξ−η)e2piix·(ξ+η)dξdη.
Since Ak − Bk ⊂ Qk and φ(t) = 〈αk, t〉 + βk for almost all t ∈ Qk, we get that
|Tφ,λm( fˇ mk , gˇmk )(x)| =
∣∣∣ fˇ mk (x + λmαk)gˇmk (x − λmαk)∣∣∣ ,
where fˇ (x) =
∫
Rn
f (y)e2piix.ydy.
Further, note that | fˇ mk (t)| = | 1λnm uˇk( tλm )| and |gˇmk (t)| = | 1λnm vˇk( tλm )|.
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Therefore, using the vector-valued extension (8) for the operator Tφ,λm along with
a change of variables, we get∥∥∥∥∥∥∥∥
 N∑
k=1
|uˇk(x + αk)vˇk(x − αk)|2

1
2
∥∥∥∥∥∥∥∥
Lrx
= λ2nm
∥∥∥∥∥∥∥∥
 N∑
k=1
| fˇ mk (λm(x + αk))gˇmk (λm(x − αk))|2

1
2
∥∥∥∥∥∥∥∥
Lrx
= λ(2−1/r)nm
∥∥∥∥∥∥∥∥
 N∑
k=1
| fˇ mk (x + λmαk)gˇmk (x − λmαk)|2

1
2
∥∥∥∥∥∥∥∥
Lrx
= λ(2−1/r)nm
∥∥∥∥∥∥∥∥
 N∑
k=1
|Tφ,λm( fˇ mk , gˇmk )(x)|2

1
2
∥∥∥∥∥∥∥∥
Lrx
. λ−n/rm
∥∥∥∥∥∥∥∥
 N∑
k=1
|uˇk( x
λm
)|2

1
2
∥∥∥∥∥∥∥∥
Lpx
∥∥∥∥∥∥∥∥
 N∑
k=1
|vˇk( x
λm
)|2

1
2
∥∥∥∥∥∥∥∥
Lqx
= Cφ
∥∥∥∥∥∥∥∥
 N∑
k=1
|uˇk|2

1
2
∥∥∥∥∥∥∥∥
Lp
∥∥∥∥∥∥∥∥
 N∑
k=1
|vˇk|2

1
2
∥∥∥∥∥∥∥∥
Lq
,
where the constant Cφ is a constant multiple of supk∈Z ‖eıλkφ(ξ−η)‖Mp,q,r(Rn).
Since functions with compactly supported Fourier transform are dense in Lp
spaces, 1 ≤ p < ∞, we see that the vector-valued operator S α,1 for α = (α1, α2, . . . , αN),
extends boundedly from Lp(l2) × Lq(l2) to Lr(l2).
This together with Proposition 2.3 yields
sup
k∈Z
‖eiλkφ(ξ−η)‖Mp,q,r(Rn) ≥ max{N1/p−1/2,N1/q−1/2}.
Next, by considering an adjoint (as defined in Section 1.2) of the bilinear mul-
tiplier operator Tφ,λm , a similar argument as above can be used to prove the final
estimate (7) for the operator norm of bilinear multipliers under consideration.
This completes the proof of Lemma 2.2.
2.2. Proof of Theorem 2.1. The proof of the theorem is by contradiction. Let us
assume on the contrary that for a sequence of positive numbers {λm}N with λm → ∞
as m→ ∞, we have the uniform control over multiplier norm, i.e.,
‖eiλmφ(ξ−η)‖Mp,q,r(Rn) ≤ C, ∀m.
Let Q ⊂ Rn be a cube such that φ is non-linear on Q. Then for a fixed N ∈ N, we
can choose distinct points tk, 1 ≤ k ≤ N, in Q such that the gradient ∇φ(tk) = αk are
distinct for all 1 ≤ k ≤ N.
Define sk(t) = φ(tk) + αk · (t − tk).
Let {uk}Nk=1 and {vk}Nk=1 be finite sequences of compactly supported smooth func-
tions. Choose Λ > 0 so that supp(uk), supp(vk) ⊂ [−Λ,Λ]n.
Consider f mk (t) = uk(λm(t − tk)) and gmk (t) = vk(λmt).
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Since λm → ∞, we can choose λm large enough to ensure that Ak = supp( f mk ) ⊂
1
2 Qk and Bk = supp(g
m
k ) ⊂ [−l(Qk)2 , l(Qk)2 ]n, where Qk = [tk − Λλm , tk + Λλm ]n. Observe that
Ak − Bk := {x − y : x ∈ Ak, y ∈ Bk} ⊂ Qk for all k. Since φ ∈ C1(Rn), we have
sup
t∈Qk
|φ(t) − sk(t)| = o
(
1
λnm
)
, m→ ∞.
Let T and Tk be the bilinear multiplier operators associated with functions eiλmφ(ξ−η)
and eiλm sk(ξ−η) respectively. Note that
|T ( fˇ mk , gˇmk )(x) − Tk( fˇ mk , gˇmk )(x)| ≤
∫
Rn
∫
Rn
| f mk (ξ)||gmk (η)||eiλmφ(ξ−η) − eiλm sk(ξ−η)|dξdη
= o
(
1
λ3n−1m
)
m→ ∞.
Therefore, uniformly in x ∈ Rn, we get the following N∑
k=1
|Tk( fˇ mk , gˇmk )(x)|2

1
2
≤
 N∑
k=1
|T ( fˇ mk , gˇmk )(x)|2

1
2
+ o
(
1
λ3n−1m
)
,(9)
as m→ ∞. Now for a fixed Γ > 0,∫|x|<Γλm
 N∑
k=1
|Tk( fˇ mk , gˇmk )(x)|2

r
2

1
r
≤
∫|x|<Γλm
 N∑
k=1
|T ( fˇ mk , gˇmk )(x)|2

r
2

1
r
+o
 1
λ
3n−1− nr
m
 , m→ ∞
≤

∫
Rn
 N∑
k=1
| fˇ mk |2

p
2
dx

1
p

∫
Rn
 N∑
k=1
|gˇmk |2

q
2
dx

1
q
+o
 1
λ
3n−1− nr
m
 , m→ ∞
Using the definitions of Tk, f mk , and g
m
k , we get that |Tk( fˇ mk , gˇmk )(x)| =
∣∣∣ fˇ mk (x + λmαk)gˇmk (x − λmαk)∣∣∣,
| fˇ mk (t)| = | 1λnm uˇk( tλm )| and |gˇmk (t)| = | 1λnm vˇk( tλm )|. After substituting these in the inequality
above and simplifying it further, we finally get the following
∫|x|<Γ
 N∑
k=1
|uˇk(x + αk)vˇk(x − αk)|2

r
2
dx

1
r
.
∥∥∥∥∥∥∥∥
 N∑
k=1
|uˇk|2

1
2
∥∥∥∥∥∥∥∥
Lp
∥∥∥∥∥∥∥∥
 N∑
k=1
|vˇk|2

1
2
∥∥∥∥∥∥∥∥
Lq
+o
(
1
λn−1m
)
, m→ ∞.
Since Γ > 0 is arbitrary, we get a contradiction using Lemma 2.2.
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Remark 2.4. If φ is a homogeneous function of degree at least 2, then using the
dilation invariance property of bilinear multipliers, it can be deduced from our
theorem that it cannot be a bilinear multiplier for exponents lying outside the local
L2−range. An important example of such functions is φ(ξ) = |ξ|2.
3. Counterexamples in Local L2 region
3.1. The function ei|ξ−η|2 in local L2− range. In this section we discuss examples
of non-linear functions φ for which eiφ(ξ−η) does not give rise to bilinear multiplier
for exponents in the local L2−range. Therefore, even in local L2− range, we cannot
expect to have a consistent positive result concerning bilinear multipliers of the
form eiφ(ξ−η), where φ is a non-linear function. We also discuss some other examples
of unimodular bilinear multipliers for which the boundedness fails in the local L2−
range.
Figure 1: Local L2− range
Note that a triplet (p, q, r) is in the local L2− range whenever the point
(
1
p ,
1
q ,
1
r
)
is
in the region (including the boundary) as described in Figure 1.
We first consider φ(ξ − η) = |ξ − η|2 and show that this does not give rise to
unimodular bilinear multiplier for any triplet in the local L2− range. Let
T ( f , g)(x) :=
∫
Rn
∫
Rn
e−i|ξ−η|
2
fˆ (ξ)gˆ(η)eix.(ξ+η)dξdη.
Recall that if T is bounded for a fixed triplet (p, q, r) satisfying the Ho¨lder condi-
tion, then by the standard dilation argument the bilinear operator Tt, associated with
symbol eit|ξ−η|
2
, is also bounded for the same triplet with ‖T‖Mp,q,r(Rn) = ‖Tt‖Mp,q,r(Rn).
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For fixed f , g, h in the Schwartz class S(Rn), we write
〈 f g, h〉 =
∫
Rn
∫
Rn
fˆ (ξ)gˆ(η)hˆ(ξ + η)dξdη
=
∫
Rn
∫
Rn
fˆ (ξ)gˆ(η)e−it|ξ−η|
2
eit|ξ−η|
2
eit|ξ+η|
2
e−it|ξ+η|
2
hˆ(ξ + η)dξdη
=
∫
Rn
∫
Rn
ei2t|ξ|
2
fˆ (ξ)ei2t|η|
2
gˆ(η)e−it|ξ−η|
2
e−it|ξ+η|
2
hˆ(ξ + η)dξdη
= 〈Tt(Q2t f ,Q2tg),Q−th〉,
where Qt denotes the Fourier multiplier operator Q̂t f (ξ) = eit|ξ|
2
fˆ (ξ). In [4], L. Hor-
mander proved that ‖Qt f ‖p ≤ |t| 1p− 12 ‖ f ‖2 for p ≥ 2 and t , 0. If the bilinear operator
Tt is bounded for a triplet (p, q, r) in local L2− range then using the expression
above with the estimate on Qt f , we get that
|〈 f g, h〉| ≤ ‖T‖Mp,q,r(Rn)‖Q2t f ‖p‖Q2tg‖q‖Q−th‖r′
≤ C(p, q, r)‖T‖Mp,q,r(Rn)|t|
1
p +
1
q +
1
r′ − 32
= C(p, q, r)‖T‖Mp,q,r(Rn)|t|−
1
2 .
Letting |t| → ∞ we get a contradiction. Thus, T cannot be a bounded operator for
triplets lying in local L2− range.
3.2. The function eiξ·η on the boundary of local L2− range. We observe that
the function eiξ·η cannot be a bilinear multiplier for points on the boundary which
consists of line segments AC,CB and BA (see Figure 1).
First, verify that the boundedness of the bilinear operator T associated with eiξ·η
at one end-point (vertex of triangle) implies the same at the other two end-points.
For example, if T bounded from L2×L2 → L1, then by considering adjoints T ∗,1 and
T ∗,2, the multiplier takes the form e−i(ξ+η).η and e−iξ.(ξ+η). So it can be easily deduced
that T is also bounded from L∞ × L2 → L2 and L2 × L∞ → L2 respectively.
Since the function eiξ·η is symmetric in ξ and η, it is enough to show that the
operator T is not bounded from L2 × L∞ → L2. Consider,
〈T ( f , g), h〉 =
∫
Rn
∫
Rn
fˆ (ξ)gˆ(η)e2iξ·ηhˆ(ξ + η)dξdη
=
∫
Rn
∫
Rn
fˆ (ξ)gˆ(η)ei(|ξ+η|
2−|ξ|2 |−η|2)hˆ(ξ + η)dξdη
= 〈Lσ¯( f )Lσ¯(g), Lσh〉,
where L̂σ¯( f ) = e−i|ξ|
2
fˆ and L̂σ( f ) = ei|ξ|
2
fˆ .
Note that the relation above holds for all f , h ∈ L2 and g ∈ L∞. Therefore, we get
that
|〈 f Lσ¯(g), h〉| = |〈T (Lσ( f ), g), Lσ¯(h)〉|
. ‖ f ‖2‖g‖∞‖h‖2.
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The duality implies that
‖ f Lσ¯(g)‖2 . ‖ f ‖2‖g‖∞
for all f ∈ L2 and g ∈ L∞. From here we conclude that Lσ¯ is bounded from L∞ into
itself and this leads to a contradiction.
Next, let us consider points on the line segment BA. Note that for a given point
( 1p ,
1
q ,
1
2 ) on the line segment BA, if the function e
2iξ·η ∈ Mp,q,2(Rn), then due to the
symmetry of e2iξ·η with respect to ξ and η, we always have that e2iξ·η ∈ Mq,p,2(Rn).
Therefore, by the interpolation argument, it is enough to show that e2iξ·η is not a
bilinear multiplier at the point D = ( 14 ,
1
4 ,
1
2 ) (see Figure 1).
From the calculations as above, we have
〈T ( f , f ), Lσ¯h〉 = 〈Lσ¯( f )2, h〉.
Thus, the duality and the boundedness of T from L4 × L4 to L2 would imply the
boundedness of the linear operator Lσ¯ on L4, which is not possible.
For the remaining two line segments AC and CB, again note that due to the
symmetry, it is enough to consider the case of one line segment. Consider a point
( 12 ,
1
q ,
1
r ) on AC. If e
2iξ·η ∈ M2,q,r(Rn), then by considering the adjoint we get that
e−2i(ξ·η+|η|
2) ∈ Mr′,q,2(Rn). Consider the bilinear multiplier operator associated with
the multiplier symbol e−2i(ξ·η+|η|
2) and write
〈T ( f , g), h〉 =
∫
Rn
∫
Rn
fˆ (ξ)gˆ(η)e−2i(ξ·η+|η|
2)hˆ(ξ + η)dξdη
=
∫
Rn
∫
Rn
fˆ (ξ)gˆ(η)e−2i(ξ·η+|η|
2)ei|ξ+η|
2
e−i|ξ+η|
2
hˆ(ξ + η)dξdη
= 〈Lσ( f )Lσ¯(g), Lσ¯h〉.
As Lσ¯ is a unitary operator on L2, if T is a bilinear multiplier for triplet (r′, q, 2) then
the symbol corresponding to Lσ(·)Lσ¯(·) belongs toMr′,q,2(Rn).An easy computation
shows that Lσ f = Lσ¯ f¯ . This immediately gives us that symbol of Lσ(·)Lσ¯(·) belongs
toMq,r′,2(Rn). So it is enough to look at the case r′ = q = 4. At this point a similar
argument, as in the previous case, can be used to get a contradiction.
3.3. The function ei(|ξ|2+|η|2) in the interior of local L2− range. This case follows
in a similar fashion. We claim that the function ei(|ξ|
2+|η|2) does not give rise to a
bilinear multiplier for any point in the interior of the region described in Figure 1.
As previously, using the symmetry of the function ei(|ξ|
2+|η|2), it is enough to show
that ei(|ξ|
2+|η|2) < Mp,p, p2 (Rn) for 2 < p < 4. For, if ei(|ξ|
2+|η|2) ∈ Mp,p, p2 (Rn) with
2 < p < 4 then using exactly the same argument as in the previous case one can
show that the linear operator Lσ is bounded on Lp, which is not the case.
Remark 3.1. We would like to point out that the boundedness properties of bi-
linear multiplier operators associated with symbols ei|ξ−η|
2
and eiξ·η are equivalent
at (2, 2, 1), (2,∞, 2) and (∞, 2, 2). This can be verified by the relation ei|ξ−η|2 =
ei|ξ|
2+i|η|2−2iξ·η and using the adjoints of bilinear operator. Therefore, the function
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ei|ξ−η|
2
cannot give rise to bilinear multiplier at any of the three end-points of the
local L2−triangle.
4. Essential continuity
In this section we study the essential continuity property of unimodular bilinear
multipliers. Let us first define the term essential continuity of a function.
Definition 4.1. Let f be a measurable function in Rn. A point x ∈ Rn is said to be
a point of essential continuity of f if for every  > 0 there is a neighbourhood Bx of
x such that | f (x) − f (y)| <  for almost every y ∈ Bx.
Let Ω(ψ, x) := limδ→0 sup|x−y|<δ | f (x) − f (y)|.
Definition 4.2. Let E be a measurable set in Rn. Then a point x ∈ Rn is called a
density point of E if
lim
δ→0
|E ∩ B(x, δ)|
|B(x, δ)| = 0.
We denote the set of all density points of E by Ed. It is known that the symmetric
difference E4Ed has Lebesgue measure zero.
Theorem 4.3. Let (p, q, r) be a triplet lying outside local L2− range and ψ be a
measurable function such that ψ(ξ − η) and |ψ(ξ − η)|2 defines a bounded bilin-
ear multiplier from Lp(Rn) × Lq(Rn) to Lr(Rn), then the function ψ(x) is essentially
continuous at almost every point x ∈ Rn.
Proof: The proof is by contradiction. Let Ω(ψ, x) be the essential oscillation of
ψ at x ∈ Rn. Suppose on the contrary that the set of all points at which ψ is not
essential continuous is of positive measure.
The above assumption on ψ implies that there is an  > 0 so that the set
E := {x ∈ L(ψ) : Ω(ψ, x) > }
has positive measure.
For a real number c consider the sets
E1 := {x ∈ E : |ψ(x) − c| < 3 } and E2 := {x ∈ L(ψ) : |ψ(x) − c| >
2
3
}
It is easy to see that for some scalar c, the set E1 has positive measure using the
density of rational numbers. Moreover
|E¯d1 ∩ E¯d2 | > 0.
Consider m(ξ) := 9|ψ(ξ)−c|2−32. By our assumption, |ψ(ξ−η)|2 and ψ(ξ−η) define
a bounded bilinear multiplier from Lp(Rn) × Lq(Rn) to Lr(Rn), so on expanding the
expression of m above we see that m(ξ − η) ∈ Mp,q,r(Rn) and for δ > 0, the function
mδ := m ∗ 1|B(0,δ)|χB(0,δ) is also a bilinear multiplier for the same tuple (p, q, r).
Note that m(ξ) < −2 for ξ ∈ E1 and m(ξ) > 2 for ξ ∈ E2.
For a positive integer N consider a sequence {ck}Nk=1 with ck ∈ {−1, 1}. Lemma
1 (A. Olevskii [12] p. 554) guarantees an arithmetic progression tk = a + kh, k =
1, 2, 3, . . . ,N with the properties that tk ∈ Ed1 if ck = −1 and tk ∈ Ed2 if ck = 1.
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Use the transference principle for bilinear multipliers and deduce that the restric-
tion of mδ to the arithmetic progression give rise to a bilinear multiplier operator,
i.e, mδ(tk) ∈ Mp,q,r(Zn). Moreover, the norm of the multiplier operator is bounded
uniformly in δ. The restriction to tk makes sense as these points are Lebesgue points
of m. Since mδ(tk)→ m(tk) as δ→ 0, we know that m(tk) ∈ Mp,q,r(Zn) as well.
For the trigonometric polynomial P(x) =
N∑
k=1
cke2piik·x consider
N∑
k=1
ckmδ(tk) =
N∑
k=1
(∫
Tn
P(x)e2piik·xdx
)
mδ(tk)
=
∫
Tn
 N∑
k=1
mδ(tk)e2piik·x
 P(x)dx
=
∫
Tn
Mmδ(Q, 1)P(x)dx
where Q(x) =
N∑
k=1
e2piik·x, 1 = χ[0,1)n and Mmδ is the bilinear multiplier operator asso-
ciated with symbol mδ on the torus group. Using the boundedness of the operator
Mmδ together with the choice of tk, we get
2N =
N∑
k=1
ckmδ(tk) = |
∫
Tn
Mmδ(Q, 1)P(x)dx|
≤ ‖Mmδ(Q, 1)‖r‖P‖r′
≤ ‖Q‖p‖P‖r′ .
Since the tuple (p, q, r) is outside the local L2−range. There are three possibilities:
p < 2 or q < 2 or r′ < 2.
Let us first consider the case when p < 2. This means r < 2 or r′ > 2. In
this case we can choose P, in the beginning itself, so that ‖P‖r′ ≤ N1/2. Further,
using inclusion relation of Lp(Tn) spaces we have ‖Q‖p . N1/p′ . Putting everything
together we get
N . N1/2+1/p
′
.
This is possible only when 1/2 + 1/p′ ≥ 1 or p ≥ 2, which is a contradiction.
The other case when q < 2 can be dealt with similarly using the symmetry.
Finally, when r′ < 2. In this case p, q, r > 2. We shall consider the first transpose
of operator Mmδ . This will reduce the problem to the previously known case.
This completes the proof. 
We get the following corollary:
Corollary 4.4. Let φ : Rn → [0, 2pi) be a measurable function. If eiλφ(ξ−η) ∈
Mp,q,r(Rn), where (p, q, r) lies outside the local L2− range with a uniform bound
on the multiplier norms
‖eiλφ(ξ−η)‖Mp,q,r(Rn) ≤ C,∀λ ∈ Z,
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then the function φ is essential continuous at almost every point x ∈ Rn.
Proof: Write ψ(ξ − η) = eiφ(ξ−η). Note that |ψ(ξ − η)|2 = 1, it trivially defines a
bounded bilinear multiplier for any triplet (p.q.r). Therefore, for exponents (p, q, r)
outside the local L2− range, the last theorem implies that eiφ is an essentially con-
tinuous function.
Further, the essential continuity of φ may be proved imitating the arguments
given in Lemma 2 and Lemma 3 in [12]. Here we would also require the result
about idempotent multipliers in bilinear setting from [13]. Since, the proof of this
assertion follows verbatim, we skip the details here. 
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